A hitchhiker's guide to quasi-copulas by Arias García, José De Jesús et al.
Available online at www.sciencedirect.comScienceDirect
Fuzzy Sets and Systems 393 (2020) 1–28
www.elsevier.com/locate/fss
A hitchhiker’s guide to quasi-copulas
J.J. Arias-García a,∗, R. Mesiar b,c, B. De Baets a
a KERMIT, Department of Data Analysis and Mathematical Modelling, Ghent University, Coupure links 653, B-9000 Ghent, Belgium
b Department of Mathematics and Descriptive Geometry, Slovak University of Technology, Faculty of Civil Engineering, Radlinského 11, 
810 05 Bratislava, Slovak Republic
c Department of Algebra and Geometry, Faculty of Science, Palacký University Olomouc, 17. listopadu 12, 771 46 Olomouc, Czech Republic
Received 24 January 2019; received in revised form 31 May 2019; accepted 9 June 2019
Available online 11 June 2019
Abstract
This paper presents a review of the concept of an n-quasi-copula, starting from the characterization of functions that can be 
derived from operations on random variables. We recall several other characterizations and properties that have been proven in the 
literature, highlighting the differences between the bivariate case and the higher-dimensional case. Additionally, we recall several 
applications of n-quasi-copulas such as their role in the study of bounds on sets of n-copulas. We also recall various classes of 
n-quasi-copulas that have been studied in the literature. Finally, we present some questions that have not yet been answered in the 
literature.
© 2019 Elsevier B.V. All rights reserved.
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1. Introduction
The concept of a 2-quasi-copula was introduced by Alsina et al. in 1993 [2]. In order to properly understand the 
relevance of n-quasi-copulas, we first need to look at the concept of an n-copula. n-Copulas are a very popular tool 
in multivariate statistics because they facilitate the study of the relationship between a given n-distribution function 
and its one-dimensional marginals. The word “copula” was introduced by Sklar [96] in 1959. However, at that time 
the statistics community paid little attention to the concept of an n-copula. In fact, during a long period of time, 
Chapter 6 of the book of Schweizer and Sklar [92] was the only available reference for results about copulas, even 
though Schweizer and Wolff had already written some articles [93,94] that were relevant to the statistics commu-
nity. As a consequence of the lack of interest in n-copulas from the statistics community, most of the early results 
about n-copulas were obtained in the framework of probabilistic metric spaces and distribution functions with given 
marginals. For example, the famous class of Archimedean 2-copulas was introduced in the framework of probabilistic 
metric spaces and originally did not have a probabilistic interpretation.
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deemed to be of great interest (see, for example, [3,91,92]). In 1993, Alsina et al. [2] introduced the concept of 
a 2-quasi-copula in order to characterize such operations. In 1996, Nelsen et al. [81] generalized the concept of a 
2-quasi-copula to the higher-dimensional case. However, little attention was paid to n-quasi-copulas, just as in the case 
of n-copulas. Additionally, the original definition of an n-quasi-copula was given in terms of tracks and n-copulas, 
which was too impractical to use. Fortunately, in 1999, Genest et al. [48] proved a purely algebraic characterization 
of 2-quasi-copulas that has become the de facto definition of a 2-quasi-copula and the most natural way of studying 
them. Two years later, this result was generalized to the higher-dimensional case by Cuculescu et al. [17].
As a consequence of the previous characterization, there has been a growing interest in the concept of an n-quasi-
copula. For example, Nelsen et al. [80] studied additional algebraic properties of n-quasi-copulas (see also [87]). 
Later on, Nelsen et al. [82] and Fernández-Sánchez et al. [41] were interested in studying the lattice structure of the 
set of n-quasi-copulas. Fernández-Sánchez et al. [42,44], Nelsen et al. [78] and Durante et al. [37] studied whether or 
not n-quasi-copulas induce signed stochastic measures, while Nelsen et al. [80] and De Baets et al. [23] studied how 
negative the volume of an n-box induced by an n-quasi-copula can be.
The main application of n-quasi-copulas in the framework of dependence modelling has been to derive bounds on 
sets of n-copulas. In 2004, Nelsen et al. [76] proved that the pointwise supremum and pointwise infimum of any set 
of 2(-quasi)-copulas are 2-quasi-copulas. One year later, this result was generalized to the higher-dimensional case by 
Rodríguez-Lallena et al. [86]. Inspired by the previous two articles, several other authors began to study bounds on 
sets of n-copulas with a given set of values with the help of n-quasi-copulas (see, for example, [23,24,58,70,84,89]).
However, there are several other applications of n-quasi-copulas outside the framework of n-copulas. Just as in 
the case of copulas, quasi-copulas were studied in the context of probabilistic metric spaces, extending known results 
concerning metrics induced by copulas [1]. Additionally, they have become increasingly popular in fuzzy set theory 
and the theory of aggregation functions due to their 1-Lipschitz continuity property (see, for example, [19,25,45,51,
63,66]).
We now find that it is necessary to summarize the various results that have been proven in the literature. The main 
aim of this paper is to provide a single point of access that contains the most important results on the topic of n-quasi-
copulas: from the different characterizations, highlighting which ones cannot be extended to dimensions higher than 
two, over the different properties that have been studied, such as the lattice structure of the set of n-quasi-copulas, 
to their applications. While there exist some reviews on n-quasi-copulas in the literature [40,95], they do not stress 
the relationship between n-quasi-copulas and supermodular functions or the applications of n-quasi-copulas in fields 
different from statistics.
This paper is organized as follows. In Section 2 we present the concept of an n-quasi-copula as it was originally 
introduced. Subsequently, in Section 3 we review several characterizations of n-quasi-copulas, while stressing the 
differences that appear between the cases n = 2 and n ≥ 3. Next, in Section 4, we discuss the lattice structure of 
the set of n-quasi-copulas and its differences with the lattice structure of the set of n-copulas, while once again 
highlighting the difference between the cases n = 2 and n ≥ 3. Subsequently, in Section 5 we recall results from the 
literature related to the mass distribution of n-quasi-copulas and stochastic signed measures. Next, in Section 6 we 
study some particular classes of n-quasi-copulas. In Section 7 we present some applications of n-quasi-copulas in 
other fields. Finally, we present some concluding remarks in Section 8 and some open problems in Section 9.
2. The concept of an n-quasi-copula as it was originally introduced
We start by recalling some definitions that were used to introduce the concept of an n-quasi-copula. In the fol-
lowing, let D denote the space of univariate distribution functions. For univariate functions, we use the notations 
F1, F1,1, . . . , F1,j . Similarly, we use the notations Fn, Fn,1, . . . , Fn,k for multivariate functions with n input argu-
ments.
Recall that a univariate distribution function is a function F1 : [−∞, ∞] → [0, 1] that is increasing, right con-
tinuous and satisfies F1(−∞) = 0 and F1(∞) = 1. Similarly, an n-dimensional distribution function is a function 
Fn : [−∞, ∞]n → [0, 1] that satisfies
(i) Fn(∞, . . . , ∞) = 1.
(ii) Fn(x) = 0 if x is such that xj = −∞ for some j ∈ {1, 2, ..., n}.
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(iv) Fn is n-increasing, i.e., for any n-box P =
n×
j=1
[aj , bj ] ⊆Rn, it holds that:
VFn(P) =
∑
x∈vertices(P)
(−1)S(x)Fn(x) ≥ 0 ,
where S(x) = #{j ∈ {1, 2, ..., n} | xj = aj }. VFn(P) is called the Fn-volume of P.
Definition 1. An n-ary operation  on D is a function  :Dn →D .
We start with a definition of a specific type of n-ary operation on D [81].
Definition 2. An n-ary operation  on D is said to be derivable from a function of random variables if there exists a 
Borel measurable function H : [−∞, ∞]n → [−∞, ∞] such that for any family of n univariate distribution functions 
(F1,j )
n
j=1, there exists a probability space (, F , P ) and an n-dimensional random vector (X1, . . . , Xn) such that for 
any j ∈ {1, . . . , n} the distribution function of Xj is F1,j and such that the distribution function of the random variable 
H(X1, . . . , Xn) is (F1,1, . . . , F1,n).
A well-known example of an n-ary operation that it is derivable from a function of random variables is the convo-
lution operation, since for any family of n univariate distribution functions (F1,j )nj=1, we can construct a probability 
space (, F , P ) and random variables X1, . . . , Xn such that for any j ∈ {1, . . . , n} the distribution function of Xj is 
F1,j and such that X1, . . . , Xn are independent random variables. For such a space, the convolution of (F1,j )nj=1, i.e., 
F1,1 ∗ F1,2 ∗ · · · ∗ F1,n, is the distribution function of the random variable X1 +X2 + · · · +Xn.
We now give the definition of a second type of n-ary operation on D [81].
Definition 3. An n-ary operation  on D is said to be induced pointwisely by an n-dimensional function ζ : [0, 1]n →
[0, 1] if for any t ∈ [−∞, ∞] and any (F1,j )nj=1 in D it holds that
(F1,1, . . . ,F1,n)(t) = ζ(F1,1(t), . . . ,F1,n(t)) .
An example of an n-ary operation  on D that is induced pointwisely by a function is the mixture of distributions, 
since it is clearly induced pointwisely by the function ζa(x) =∑nj=1 ajxj , where a ∈ [0, 1]n and ∑nj=1 aj = 1.
The properties of an n-ary operation ‘being derivable from a function of random variables’ and ‘being induced 
pointwisely by an n-dimensional function’ are independent in the sense that neither of them implies the other one. 
For example, it can be easily seen that the convolution of functions is not induced pointwisely by any function, while 
the mixture of distributions is not derivable (see [2,3,91]). It was deemed to be of great interest to characterize n-ary 
operations that are both derivable and induced pointwisely by a function (see [3,91,92] and the references therein). In 
order to answer this question, the concept of an n-quasi-copula was introduced. In order to give the original definition, 
we first need to recall the definition of an n-copula.
Definition 4. An n-copula Cn is a [0, 1]n → [0, 1] function that satisfies the following conditions:
(c1) Cn(x) = 0 if x is such that xj = 0 for some j ∈ {1, 2, ..., n}.
(c2) Cn(x) = xj if x is such that xi = 1 for all i = j and some j ∈ {1, 2, ..., n}.
(c3) Cn is n-increasing.
Remark 1. Note that condition (c1) can be rewritten as C(x) = 0 whenever x is such that projj (x) = 0 for some 
j ∈ {1, 2, ..., n}, where projj (x) = xj . Additionally, condition (c2) can be written as Cn(x) = xj if x is such that 
proji (x) = 1 for all i = j .
Copulas were formally introduced by Sklar in [96]. It was also in the latter paper that the following theorem was 
proven.
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F1,1, . . . , F1,n. Then there exists an n-copula Cn such that for all x ∈ [−∞, ∞]n it holds that
Gn(x) = Cn(F1,1(x1), . . . ,F1,n(xn)) . (1)
If F1,j is continuous for all j ∈ {1, . . . , n}, then Cn is unique; otherwise, it is unique on ×nj=1 Ran F1,j .
Conversely, if Cn is an n-copula and (F1,j )nj=1 are univariate distribution functions, then the function Gn :[−∞, ∞]n → [0, 1] defined by
Gn(x) = Cn(F1,1(x1), . . . ,F1,n(xn))
is an n-dimensional distribution function.
Sklar’s theorem states that a continuous multivariate distribution function can be expressed in terms of its n uni-
variate marginals by means of a unique n-copula. Also note that from Sklar’s theorem it follows that any n-copula 
Cn is derivable from a function H of random variables defined on a common probability space. Indeed, clearly 
H(x) = max(x1, . . . , xn) is a Borel-measurable function, and for any family of univariate distribution functions 
(F1,j )
n
j=1, we can construct a probability space (, F , P ) and random variables X1, . . . , Xn such that for any 
j ∈ {1, . . . , n} F1,j is the distribution function of Xj and the joint distribution function of (X1, . . . , Xn) is given 
by Cn(F1,1, . . . , F1,n). Then it follows that
P (max(X1, . . .Xn) ≤ t) = P (X1 ≤ t, . . . ,Xn ≤ t)
= Cn(F1,1(t), . . . ,F1,n(t))
= Cn(F1,1, . . . ,F1,n)(t) .
Another important concept that is required for the original definition of an n-quasi-copula is that of a track. It was 
introduced in [2] for the bivariate case and in [81] for the higher-dimensional case.
Definition 5. A subset B of [0, 1]n is called a track on [0, 1]n if it can be written as
B = {(F1,1(t),F1,2(t), . . . F1,n(t)) | t ∈ [0,1]}
where (F1,j )nj=1 is a family of continuous univariate distribution functions that satisfy F1,j (0) = 0 and F1,j (1) = 1
for any j ∈ {1, 2, . . . , n}.
We are now ready to give the original definition of an n-quasi-copula, as it was introduced in [2].
Definition 6. An n-quasi-copula is a function Qn : [0, 1]n → [0, 1] such that for every track B on [0, 1]n there exists 
an n-copula Cn,B that coincides with Qn on B , i.e., for any x ∈ B it holds that Qn(x) = Cn,B(x).
Alsina et al. [2] have proven the following characterization for n = 2.
Theorem 2. Let  be a bivariate operation on D that it is induced pointwisely by a bivariate function ζ : [0, 1]2 →
[0, 1] and that is derivable from a function H on random variables defined on a common probability space. Then 
precisely one of the following holds:
(i) H(x, y) = max(x, y) and ζ(x, y) = Q2(x, y) for all x, y ∈ [0, 1], where Q2 is a 2-quasi-copula.
(ii) H(x, y) = min(x, y) and ζ(x, y) = x + y −Q2(x, y) for all x, y ∈ [0, 1], where Q2 is a 2-quasi-copula.
(iii) H(x, y) = x and ζ(x, y) = x for all x, y ∈ [0, 1].
(iv) H(x, y) = y and ζ(x, y) = y for all x, y ∈ [0, 1].
For the higher-dimensional case, we refer to [81], since the characterization requires to introduce more concepts 
that are out of the scope of this paper.
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It is clear that the original definition of an n-quasi-copula is too impractical to use, making it hard to study properties 
of n-quasi-copulas or to prove that a given function is an n-quasi-copula. Fortunately, the concepts of an n-quasi-
copula and an n-copula have drawn a lot of attention of researchers, and as a consequence, several characterizations 
have been provided.
3.1. The first characterization and relationship between n-quasi-copulas and n-copulas
The first characterization of n-quasi-copulas was proven by Genest et al. [48] for n = 2, and it has become the most 
natural way of proving that a given function is a 2-quasi-copula.
Theorem 3. A 2-quasi-copula Q2 is a [0, 1]2 → [0, 1] function that satisfies the following conditions:
(i) For any x ∈ [0, 1] it holds that Q2(x, 0) = Q2(0, x) = 0.
(ii) For any x ∈ [0, 1] it holds that Q2(x, 1) = Q2(1, x) = x.
(iii) Q2 is increasing, i.e., for any (x1, y1), (x2, y2) ∈ [0, 1]2 such that x1 ≤ x2 and y1 ≤ y2 it holds that Q2(x1, y1) ≤
Q2(x2, y2).
(iv) Q2 is 1-Lipschitz continuous with respect to the L1 norm on [0, 1]2, i.e., for any (x1, y1), (x2, y2) ∈ [0, 1]2 it 
holds that
|Q2(x2, y2)−Q2(x1, y1)| ≤ |x2 − x1| + |y2 − y1| .
At the time of its publication in 1999, a generalization of Theorem 3 and Theorem 7, which is formulated later on, 
for n ≥ 3 was not evident. As stated by Genest et al. [48] “Many of the arguments presented herein extend almost 
immediately to the multivariate case; Proposition 1 provides an example. At the time of publication, however, it was 
not clear to the authors how the proof given in the appendix could be generalized to characterize quasi-copulas in 
higher dimensions. This will be the object of future research”. It was two years later, in 2001, when a generalization 
of Theorem 3 to higher dimensions was proven in [17].
Theorem 4. An n-quasi-copula Qn is a [0, 1]n → [0, 1] function that satisfies the following conditions:
(q1) Qn(x) = 0 if x is such that xj = 0 for some j ∈ {1, 2, ..., n}.
(q2) Qn(x) = xj if x is such that xi = 1 for all i = j and some j ∈ {1, 2, ..., n}.
(q3) Qn is increasing.
(q4) Qn is 1-Lipschitz continuous with respect to the L1 norm on [0, 1]n, i.e., for any x, y ∈ [0, 1]n it holds that
|Qn(x)−Qn(y)| ≤
n∑
j=1
|xj − yj | .
As in the case n = 2, the characterization given by Theorem 4 has become the usual procedure to prove that a given 
function is an n-quasi-copula and it is even sometimes given as the definition of an n-quasi-copula. We can see from 
the original definition of an n-quasi-copula that any n-copula is an n-quasi-copula. However, Theorem 4 shows that 
n-quasi-copulas and n-copulas satisfy ‘similar’ conditions further justifying the word ‘quasi’. Indeed, it can be shown 
easily that every n-copula is an n-quasi-copula, since condition (c3) of Definition 4 implies conditions (q3) and (q4) 
of Theorem 4 when supposing the validity of conditions (q1) and (q2). However, the converse is not true, i.e., there 
exist n-quasi-copulas that are not n-copulas; such n-quasi-copulas are called proper n-quasi-copulas. For example, 
consider the function Q2,pr : [0, 1]2 → [0, 1] given by
Q2,pr(x, y) =
{
min(x, y, 13 , x + y − 23 ), if 23 ≤ x + y ≤ 43 ,
max(x + y − 1,0), otherwise . (2)
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Qn,pr(x1, x2, . . . , xn) = Q2,pr(x1, x2)
n∏
k=3
xk (3)
is a proper n-quasi-copula.
3.2. Quasi-copulas as aggregation functions
We first recall that an n-ary aggregation function on [0, 1]n is an increasing function An : [0, 1]n → [0, 1] that 
satisfies An(0) = 0 and An(1) = 1 (for more details on aggregation functions, see [11,49]). It follows from Theorem 4
that any n-quasi-copula is an n-ary aggregation function. We now present other characterizations that relate both 
concepts. Alsina has shown the following characterization of 2-quasi-copulas [1].
Theorem 5. A 2-quasi-copula Q2 is a [0, 1]2 → [0, 1] function that satisfies the following conditions:
(i) Q2(1, 1) = 1.
(ii) For any x, y ∈ [0, 1], it holds that Q2(x, y) ≤ min(x, y).
(iii) For any x, y1, y2 ∈ [0, 1], it holds that Q2(x, y2) −Q2(x, y1) ≤ max(0, y2 − y1).
(iv) For any y, x1, x2 ∈ [0, 1], it holds that Q2(x2, y) −Q2(x1, y) ≤ max(0, x2 − x1).
A generalization of the above theorem was given by Rodríguez-Lallena et al. [87].
Theorem 6. An n-quasi-copula Qn is a [0, 1]n → [0, 1] function that satisfies the following conditions:
(i) Qn(1, 1, . . . , 1) = 1.
(ii) For any x1, . . . , xn ∈ [0, 1], it holds that Qn(x1, x2, . . . , xn) ≤ min(x1, x2, . . . , xn).
(iii) For any x1, . . . , xn, yk ∈ [0, 1] and k ∈ {1, . . . , n}, it holds that Qn(x1, . . . , xk, . . . , xn) − Qn(x1, . . . , yk, . . . , xn)
≤ max(0, xk − yk).
Aggregation functions that satisfy condition (ii) of Theorem 6 are called conjunctive [11]. Note that 1-Lipschitz 
continuity and increasingness follow from condition (iii) of Theorem 6. As a consequence, Theorems 5 and 6 state 
that the set of n-ary aggregation functions that are conjunctive and 1-Lipschitz continuous coincides with the set of 
n-quasi-copulas. For other studies of quasi-copulas as 1-Lipschitz aggregation functions, see [9,54,56–58,63,64].
3.3. Characterization using volumes
Even though an n-quasi-copula may not be n-increasing, there exists some specific type of n-box that always 
has a positive Qn-volume. The following characterization of bivariate quasi-copulas states that the definition of a 
2-quasi-copula is even equivalent to the positivity of the volume of some type of 2-box [48].
Theorem 7. A function Q2 : [0, 1]2 → [0, 1] is a 2-quasi-copula if and only if it satisfies conditions (i) and (ii) of 
Theorem 3 and for any 2-box P = [x1, x2] × [y1, y2] ⊆ [0, 1]2 such that {x1, x2, y1, y2} ∩ {0, 1} = ∅ it holds that 
VQ2(P) ≥ 0.
For uses of this characterization, we refer to [28,66]. We note that, unlike the preceding two characterizations, 
Theorem 7 cannot be extended to higher dimensions. Indeed, in [8] the following counterexample was given: suppose 
that n = 3 and suppose that Q3 is a function that satisfies conditions (q1) and (q2) of Theorem 4 and for any 3-box 
P = [x1, x2] × [y1, y2] × [z1, z2] ⊆ [0, 1]3 such that {x1, x2, y1, y2, z1, z2} ∩ {0, 1} = ∅, the inequality VQ3(P) ≥ 0
holds. Then it is easy to see that Q3 is a 3-quasi-copula. However, note that if x1 = 0, then it holds that
Q3(x2, y2, z2)−Q3(x2, y1, z2)−Q3(x2, y2, z1)+Q3(x2, y1, z1) ≥ 0 . (4)
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Example 2, it is clear that Eq. (4) does not hold, and as a consequence, it does not satisfy VQ3,pr (P) ≥ 0.
Even though it is not possible to generalize Theorem 7 straightforwardly, it is possible to relate the concept of an 
n-quasi-copula to the positivity of the volume of an even more restrictive type of n-box, as was shown in [87].
Theorem 8. A function Qn : [0, 1]n → [0, 1] is an n-quasi-copula if and only if it satisfies conditions (q1) and (q2) of 
Theorem 4 and for any n-box P =×nj=1[xj , yj ] with the property that there exists k ∈ {1, 2, . . . , n} such that for any 
j = k it holds that xj = 0, the Qn-volume of P is non-negative and bounded by yk − xk , i.e.,
0 ≤ VQn(P) ≤ yk − xk .
3.4. Characterization using partial derivatives
Since an n-quasi-copula is an increasing and 1-Lipschitz continuous function, its partial derivatives must be well 
behaved. This was proven by Nelsen et al. [80] (see also [85]), who characterized bivariate copulas in terms of their 
partial derivatives.
Theorem 9. Let Q2 : [0, 1]2 → [0, 1] be a function satisfying the boundary conditions (i) and (ii) of Theorem 3. Then 
Q2 is a 2-quasi-copula if and only if Q is absolutely continuous in each argument and:
(i) For any y ∈ [0, 1], the partial derivative ∂Q2
∂x
(x, y) exists for almost all x, and for such x and y it holds that 
0 ≤ ∂Q2
∂x
(x, y) ≤ 1.
(ii) For any x ∈ [0, 1], the partial derivative ∂Q2
∂y
(x, y) exists for almost all y, and for such x and y it holds that 
0 ≤ ∂Q2
∂y
(x, y) ≤ 1.
The generalization of Theorem 9 to higher dimensions is straightforward and was proven in [87]. To that end, we 
need to introduce a more compact notation. For a given function f :Rn →R, we write ∂jf (x1, . . . , xj , . . . , xn) as a 
short-hand notation for ∂f
∂xj
(x1, . . . , xj , . . . , xn).
Theorem 10. Let Qn : [0, 1]n → [0, 1] be a function satisfying the boundary conditions (q1) and (q2) of Theorem 4. 
Then Qn is an n-quasi-copula if and only if Qn is absolutely continuous in each argument and for any j ∈ {1, 2, . . . , n}
and (x1, . . . , xj−1, xj+1, . . . , xn) ∈ [0, 1]n−1, the partial derivative
∂jQn(x1, . . . , xj , . . . , xn)
exists for almost all xj ∈ [0, 1] and belongs to the interval [0, 1].
3.5. Characterization using non-increasing tracks
Based on the concept of a decreasing set, in [87] the concept of a non-increasing track was introduced for n = 2.
Definition 7. A subset B of [0, 1]2 is called a non-increasing track on [0, 1]2 if it can be written as
B = {(F1,1(t),1 − F1,2(t)) | t ∈ [0,1]} ,
where F1,1, F1,2 : [0, 1] → [0, 1] are continuous distribution functions that satisfy F1,j (0) = 0 and F1,j (1) = 1. The 
function G1,j (t) = 1 −F1,j (t) is the continuous survival function associated with F1,j , and satisfies G1,j (0) = 1 and 
G1,j (1) = 0.
Note that the main difference between this definition and the original definition of a track is that, for one of the 
arguments, we are considering the survival function instead of the distribution function. This definition was inspired 
by the fact that if C2 is a 2-(quasi)-copula, then x −C2(x, 1 − y), y −C2(1 − x, y) and x + y − 1 +C2(1 − x, 1 − y)
are also 2-(quasi)-copulas. The transformation x + y − 1 +C2(1 − x, 1 − y) is called the survival transformation of a 
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Based on the latter idea, in [87] the following characterization was proved.
Theorem 11. A function Q2 : [0, 1]2 → [0, 1] is a 2-quasi-copula if and only if for every non-increasing track B on 
[0, 1]2 there exists a copula C2,B such that for any (x, y) ∈ B it holds that Q2(x, y) = C2,B(x, y).
Note that it is not clear how to extend Definition 7 to higher dimensions, since the definition of a non-increasing 
set is not obvious for n ≥ 3. Additionally, in higher dimensions, the result of applying the survival transformation 
to an n-quasi-copula is not necessarily an n-quasi-copula. As a consequence, it is not trivial to characterize higher-
dimensional quasi-copulas in a way similar to the one given by Theorem 11.
4. Quasi-copulas, bounds and lattice theory
In this section we recall some results related to the lattice structure of the sets of n-copulas and n-quasi-copulas. 
The properties studied here show the relevance of n-quasi-copulas in the study of bounds on sets of n-copulas. We 
start by recalling some notions from lattice theory that are needed for the rest of the section.
4.1. Basic definitions from lattice theory
For a given poset (, ) and a subset A ⊆ , we will denote by ∨A the supremum of A (if it exists) and by ∧A
the infimum of A (if it exists). Sometimes we will write ∨ A or ∧ A to make explicit in which set the computations 
take place.
Definition 8.
(i) A poset (, ) is called a lattice if for any x, y in  it holds that both x ∨ y :=∨{x, y} and x ∧ y :=∧{x, y}
exist.
(ii) A poset (, ) is called a complete lattice if for any A ⊆  it holds that both ∨A and ∧A exist. In particular, 
it then follows that  has a greatest element and a smallest element.
Definition 9. A subset A of a poset B is said to be join-dense (resp. meet-dense) in B if for any d in B there exists a 
set Sd ⊆ A such that d =∨B Sd (resp. d =∧B Sd ).
If (P, ≤) is a poset and φ : P →  is an order-preserving injection, where (, ) is a complete lattice, then 
(, ) is called a completion of (P, ≤). Furthermore, if φ maps  onto L, then φ is called an order-isomorphism. A 
well-known procedure leading to a minimal completion of a poset is due to Dedekind and MacNeille. Any complete 
lattice (, ) in which (P, ≤) is both join-dense and meet-dense is order-isomorphic to the Dedekind–MacNeille 
completion of (P, ≤). For more details on lattice theory, we refer to [18].
4.2. The lattice structure of the set of quasi-copulas
We now proceed to the study of the lattice structure of the set of n-quasi-copulas equipped with the pointwise order, 
i.e., for two n-quasi-copulas Qn,1, Qn,2 we say that Qn,1 ≤ Qn,2 if for any x ∈ [0, 1]n it holds that Qn,1(x) ≤ Qn,2(x). 
In the following, Cn denotes the set of all n-copulas, while Qn denotes the set of all n-quasi-copulas. Obviously, 
Qn \ Cn denotes the set of proper n-quasi-copulas.
We start by studying the bounds. The following result can be found in [76] for the bivariate case and in [86] for the 
higher-dimensional case.
Theorem 12. Let Q ⊆Qn be a set of n-quasi-copulas. For any x ∈ [0, 1]n, we define Qn,u(x) and Qn,l(x) as
Qn,u(x) = sup{Qn(x) | Qn ∈Q}
and
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Then Qn,u and Qn,l are n-quasi-copulas.
Theorem 13. Qn is a complete lattice. However, neither Cn nor Qn \ Cn is a complete lattice.
It follows from the above theorem that both the pointwise supremum and the pointwise infimum of a set of n-quasi-
copulas are n-quasi-copulas. However, the pointwise supremum and pointwise infimum of a set of n-copulas may not 
be n-copulas. Similarly, the pointwise supremum and pointwise infimum of a set of proper n-quasi-copulas may not 
be proper n-quasi-copulas. As a particular case, it holds that the pointwise supremum and pointwise infimum of the 
set of all n-quasi-copulas are n-quasi-copulas. In fact, it is possible to explicitly compute this supremum and infimum, 
resulting in the expressions
Mn(x) = sup{Qn(x) | Qn ∈Qn} = min(x1, x2, . . . , xn) ,
Wn(x) = inf{Qn(x) | Qn ∈Qn} =
⎛
⎝ n∑
j=1
xj − (n− 1)
⎞
⎠
+
,
where u+ = max(u, 0). The n-quasi-copulas Mn and Wn are called the upper and lower Fréchet-Hoeffding bound, 
respectively. It is also important to highlight that Mn is always an n-copula, while Wn is an n-copula only for n = 2.
Due to Theorem 12, n-quasi-copulas naturally appear when studying bounds on sets of n-copulas. One such ex-
ample is the study of bounds on sets of n-copulas with a given diagonal section. Recall that the diagonal section of an 
n-copula is the univariate function d defined by d(x) = Cn(x, . . . , x). The diagonal section is often denoted by δ in 
the literature. It is well known that this function has the following properties:
(d1) d is increasing.
(d2) (nx − (n− 1))+ ≤ d(x) ≤ x.
(d3) d is n-Lipschitz continuous, i.e., |d(x) − d(y)| ≤ n|x − y|.
A function d : [0, 1] → [0, 1] that satisfies (d1), (d2) and (d3), for some positive integer n, is called an n-diagonal 
function. Another well-known result is that for any n-diagonal function d , there exists an n-copula that has d as 
diagonal section [53]. For a given n-diagonal function, the greatest n-quasi-copula that has d as diagonal section is 
given by
An,d(x) = min
⎛
⎝Mn(x), inf
{
d(t)+
n∑
j=1
(xj − t)+ | t ∈
[
x(1), x(n)
]}⎞⎠ ,
while the smallest n-quasi-copula that has d as diagonal section is given by
Bn,d(x) = sup{d(t)−
n∑
j=1
(t − xj )+ | t ∈
[
x(1), x(n)
]} ,
where x(j) denotes the j -th ordered component of x. The lower bound Bn,d is called the Bertino n(-quasi)-copula 
with diagonal section d . For more details on how to deduce these bounds, we refer to [11]. These bounds have been 
a subject of intensive research. For example, in [47] the lower bound is studied for the bivariate case and it is shown 
that it is always a 2-copula. Unfortunately, this is no longer true for n ≥ 3 as is shown in [7]. With regard to the 
greatest n-quasi-copula with given diagonal section d , it is not always an n-copula, not even in the bivariate case, as 
was shown in [79], and it is only a 2-copula under very restrictive conditions on d as was shown in [43,99]. The latter 
observation complements the results obtained in [33], where it is shown that, with the exception of the trivial case 
d2(x) = x, the set of 2-copulas with diagonal section d2 is always strictly included in the set of 2-quasi-copulas with 
the same diagonal section.
Another well-known example is that of n-copulas with a given set of values. The first related result was obtained 
by Nelsen in [75], proving the existence of a 2-copula with a given value at a single point and deriving some bounds 
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Rodríguez-Lallena and Úbeda-Flores [86].
Theorem 14. Let z ∈ [0, 1]n and a ∈ [Wn(z), Mn(z)]. Then for any n-quasi-copula Qn such that Qn(z) = a, it holds 
that:
Qn,l,z,a(x) ≤ Qn(x) ≤ Qn,u,z,a(x) ,
for any x ∈ [0, 1]n, where
Qn,l,z,a(x) = max
⎛
⎝Wn(x), a − n∑
j=1
(zj − xj )+
⎞
⎠
and
Qn,u,z,a(x) = min
⎛
⎝Mn(x), a + n∑
j=1
(xj − zj )+
⎞
⎠ .
It is important to remark that Qn,l,z,a and Qn,u,z,a are n-quasi-copulas such that Qn,u,z,a(z) = Qn,l,z,a(z) = a. 
If n = 2, then both Q2,l,z,a and Q2,u,z,a are 2-copulas, making the bounds the best possible. However, for n ≥ 3, 
Qn,l,z,a is always a proper n-quasi-copula, while Qn,u,z,a is not always an n-copula. Additionally, it is still an open 
problem whether Qn,l,z,a and Qn,u,z,a are the best bounds possible on the set of n-copulas; at present, it is known that 
they are the best possible on the region ×nj=1[0, aj ] ⋃×nj=1[aj , 1] (see [86]).
The above result was generalized for several points in two dimensions by Mardani-Fard et al. [70], who proved 
that there exists a 2-copula with given values of a 2-quasi-copula at two or three arbitrary points, while showing that 
this is no longer true for four or more points. Additionally, they derived bounds similar to those of Theorem 14, and 
these bounds are 2-quasi-copulas but not necessarily 2-copulas (the same authors further studied this topic for some 
specific configurations of points in [89]).
Another generalization of these results was obtained by De Baets et al. [20], who proved the existence of a 3-copula 
with given values of a 3-quasi-copula at two arbitrary points in the unit cube, while showing that this is no longer true 
for three or more points.
The previous results were further generalized by Tankov [97] for the bivariate case as expressed in the following 
theorem.
Theorem 15. Let S be a compact subset of [0, 1]2 and let Q∗ be a 2-quasi-copula. Let the set CQ∗,S be defined as
CQ∗,S = {C ∈ C2 | C(x, y) = Q∗(x, y) for any (x, y) ∈ S} .
Suppose that CQ∗,S is not empty. Then for any C ∈ CQ∗,S and any (x, y) ∈ [0, 1]2, it holds that:
LQ∗,S(x, y) ≤ C(x, y) ≤ UQ∗,S(x, y) ,
where
LQ∗,S(x, y) = max
(
0, x + y − 1, max
(u,v)∈S
(Q∗(u, v)− (u− x)+ − (v − y)+)
)
and
UQ∗,S(x, y) = min
(
x, y, min
(u,v)∈S(Q
∗(u, v)+ (x − u)+ + (y − v)+)
)
.
Moreover, LQ∗,S and UQ∗,S are 2-quasi-copulas.
It is important to remark that LQ∗,S and UQ∗,S may not be 2-copulas, hence the bounds may not be the best 
possible. However, if we consider the set QQ∗,S = {Q ∈ Q2 | Q(x, y) = Q∗(x, y) for any (x, y) ∈ S}, then for any 
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if we consider the bounds on the set of 2-quasi-copulas, then the bounds are sharp. In [97], the following conditions 
were stated in order to guarantee that LQ∗,S and UQ∗,S are 2-copulas.
Theorem 16. Let S, Q∗, CQ∗,S, LQ∗,S, UQ∗,S be defined as in Theorem 15.
(i) If the set S is increasing, i.e., for any (u1, v1), (u2, v2) ∈ S either u1 ≤ u2 and v1 ≤ v2 or u1 ≥ u2 and v1 ≥ v2
(i.e., the pairs (u1, v1) and (u2, v2) are comonotone), then LQ∗,S is a 2-copula.
(ii) If the set S is decreasing, i.e., for any (u1, v1), (u2, v2) ∈ S either u1 ≤ u2 and v1 ≥ v2 or u1 ≥ u2 and v1 ≤ v2
(i.e., the pairs (u1, v1) and (u2, v2) are countercomonotone), then UQ∗,S is a 2-copula.
Note that the conditions of Theorem 16 are quite restrictive. Bernard et al. [12] found less restrictive conditions, 
which we recall below. To that end, given a compact set S ∈ [0, 1]2, we define the following functions
(i) γ1 : proj1(S) → proj2(S) given by γ1(x) = min{y | (x, y) ∈ S}.
(ii) γ2 : proj1(S) → proj2(S) given by γ2(x) = max{y | (x, y) ∈ S}.
(iii) γ3 : proj2(S) → proj1(S) given by γ3(y) = min{x | (x, y) ∈ S}.
(iv) γ4 : proj2(S) → proj1(S) given by γ4(y) = max{x | (x, y) ∈ S}.
We recall the following result from [12].
Theorem 17. Let S, Q∗, CQ∗,S, LQ∗,S, UQ∗,S be defined as in Theorem 15. Suppose that Q∗ is also a 2-copula and 
let γ1, γ2, γ3 and γ4 be defined as above. Then
(i) If γ1 and γ2 are increasing and for any (x, y1), (x, y2) ∈ S it holds that (x, y1+y22 ) ∈ S, then LQ∗,S is a 2-copula.
(ii) If γ3 and γ4 are increasing and for any (x1, y), (x2, y) ∈ S it holds that ( x1+x22 , y) ∈ S, then LQ∗,S is a 2-copula.
(iii) If γ1 and γ2 are decreasing and for any (x, y1), (x, y2) ∈ S it holds that (x, y1+y22 ) ∈ S, then UQ∗,S is a 2-copula.
(iv) If γ3 and γ4 are decreasing and for any (x1, y), (x2, y) ∈ S it holds that ( x1+x22 , y) ∈ S, then UQ∗,S is a 2-copula.
A different condition was given later in [13], which is stated below
Theorem 18. Let S, Q∗, CQ∗,S, LQ∗,S, UQ∗,S be defined as in Theorem 15. Suppose that for any (x1, y1), (x2, y2) ∈ S
it holds that (x1, y2), (x2, y1) ∈ S and Q∗ is such that for any x1, x2, y1, y2 ∈ S with x1 ≤ x2 and y1 ≤ y2 it holds that
Q∗(x2, y2)−Q∗(x2, y1)−Q∗(x1, y2)+Q∗(x1, y1) ≥ 0 ,
then LQ∗,S and UQ∗,S are 2-copulas.
The following generalization of Theorem 15 to the higher-dimensional case can be found in [67] (see also [69,83]). 
However, unlike in the bivariate case, the functions LQ∗,S and UQ∗,S are proper n-quasi-copulas except for trivial 
cases, as shown in Theorem 4.2 of [67].
Theorem 19. Let S be a compact subset of [0, 1]n and let Q∗ be an n-quasi-copula. Let the set QQ∗,S be defined as
QQ∗,S = {Q ∈Qn | Q(x) = Q∗(x) for any x ∈ S} .
Then for any Q ∈QQ∗,S and any x ∈ [0, 1]n it holds that:
LQ∗,S(x) ≤ Q(x) ≤ UQ∗,S(x) ,
where
LQ∗,S(x) = max
(
Wn(x),max
u∈S (Q
∗(u)−
n∑
(ui − xi)+)
)
i=1
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UQ∗,S(x) = min
(
Mn(x),min
u∈S (Q
∗(u)+
n∑
i=1
(xi − ui)+)
)
.
Moreover, LQ∗,S and UQ∗,S are n-quasi-copulas.
Theorems 15 and 19 have been used in order to compute the bounds of functionals ρ :Qn →R that are increasing 
w.r.t. the pointwise order of n-quasi-copulas, i.e., if Q1 ≤ Q2, then ρ(Q1) ≤ ρ(Q2). The latter result is useful to 
compute bounds on the set of n-copulas with a specified value of Spearman’s rho or Kendall’s tau [67,97]. To see how 
these bounds have been used in financial applications, we refer to [12,13,67,68,83,97].
There are several other applications in which n-quasi-copulas have been useful to study bounds on a set of 
n-copulas. For example, in the bivariate case there are studies of 2-quasi-copulas with a given opposite diagonal 
section [24], a given subdiagonal section [84] and a given affine section [58]. Additionally, 2-quasi-copulas were used 
in the context of imprecise probabilities, where one specifies a (coherent) probability interval (i.e., bounds) instead of 
a single value. In the multivariate case, the study of bounds on sets of n-copulas with a given set of marginals was 
studied in [67].
4.3. A lattice-theoretical characterization of quasi-copulas
As mentioned before, n-quasi-copulas are well behaved when considering the pointwise supremum or the pointwise 
infimum of a given set of n(-quasi)-copulas, since such supremum and infimum are n-quasi-copulas. It is not a surprise 
that another characterization of bivariate quasi-copulas can be given in terms of the lattice structure of the set of 
2-copulas. To be more precise, we recall that any 2-quasi-copula can be regarded as the pointwise supremum (or 
pointwise infimum) of a set of 2-copulas.
We start with the following results, which are the main contribution of [82].
Theorem 20. Q2 is order-isomorphic to the Dedekind–MacNeille completion of C2.
This theorem has the following corollary, which in turn yields another characterization of bivariate quasi-copulas.
Corollary 1. A function Q2 : [0, 1]2 → [0, 1] is a 2-quasi-copula if and only if there exist AQ2, BQ2 ⊆ C2 such that 
Q2 =∨Q2 AQ2 and Q2 =∧Q2 BQ2 .
Unfortunately, the latter results do not hold for n ≥ 3, as was shown in [41].
Theorem 21. For n ≥ 3, Qn is not order-isomorphic to the Dedekind–MacNeille completion of Cn.
Corollary 2. For n ≥ 3, there exist an n-quasi-copula Qn,L such that for any A ⊆ Cn it holds that Qn,L =∨Qn A
and an n-quasi-copula Qn,U such that for any A ⊆ Cn it holds that Qn,U =∧Qn A.
While it is obvious that for any A ⊆ Cn, it holds that Wn =∨Qn A, the construction of an n-quasi-copula Qn,L
such that for any A ⊆ Cn, it holds that Qn,L =∨Qn A is not trivial. We shall only provide a sketch of how such an 
n-quasi-copula can be constructed (for further details, we refer to [15,41]).
For n = 3, let C3,1 be the 3-copula whose mass is distributed uniformly along the main diagonals of the 3-boxes 
[0, 1/4]3, [1/4, 1/2] × [1/2, 3/4]2, [1/2, 3/4] × [1/4, 1/2]2 and [3/4, 1]3; and let C3,2 be the 3-copula whose mass 
is distributed uniformly along the main diagonals of the 3-boxes [0, 1/4]3, [1/4, 1/2] × [1/2, 3/4] × [1/4, 1/2], 
[1/2, 3/4] ×[1/4, 1/2] ×[1/4, 1/2] and [3/4, 1]3. Define Q3,L as Q3,L = C3,1 ∨C3,2. Then Q3,L is a proper 3-quasi-
copula such that for any A ⊆ C3 it holds that Q3,L =∨Q3 A. For n ≥ 4, the proper n-quasi-copula Qn,L defined by
Qn,L(x1, x2, . . . , xn) = Q3,L(x1, x2, x3)
n∏
k=4
xk
is such that for any A ⊆ Cn it holds that Qn,L =∨Q A.n
J.J. Arias-García et al. / Fuzzy Sets and Systems 393 (2020) 1–28 135. Quasi-copulas and measures
5.1. Measure theory
In this subsection, we recall several measure-theoretical notions that are used to investigate whether n-quasi-
copulas induce signed measures. Recall that a measurable space consists of a nonempty set  and a sigma-algebra F
of subsets of .
Definition 10. [88] Let (, F ) be a measurable space. A signed measure is a function ν :F → [−∞, ∞] that satisfies 
the following conditions
(i) ν takes at most one of the values −∞, ∞.
(ii) ν(∅) = 0.
(iii) n is σ -additive, i.e., for any family (Aj )∞j=1 in F that satisfies the condition Ai ∩Aj = ∅ for any i = j , it holds 
that ν
(⋃n
j=1 Aj
)
=∑∞j=1 ν(Aj ).
When the co-domain of ν is [0, ∞], ν is called measure instead of signed measure.
Two measures μ1 and μ2 defined on the same measurable space (, F ) are called mutually singular if there exists 
a set A ∈F such that, for any set D ∈F , it holds that μ1(D ∩A) = μ2(D ∩ ( \A)) = 0 and in such case we write 
μ1 ⊥ μ2. The following theorem, which is known as the Jordan decomposition, states that any signed measure is the 
difference of two measures [88].
Theorem 22. Let ν be a signed measure on a measurable space (, F ). Then there exist two measures ν+ and ν−
such that the following conditions hold:
(i) ν+ ⊥ ν−.
(ii) For any A ∈F , it holds that ν(A) = ν+(A) − ν−(A).
(iii) At least one of the conditions ν+() < ∞ or ν−() < ∞ holds.
For more details on these concepts, we refer to [10,88].
5.2. Quasi-copulas and signed measures
In this subsection, we recall that not every n-quasi-copula Qn induces a signed measure on B ([0,1]n), the set of 
Borel sets of [0, 1]n, i.e., for a given n-quasi-copula Qn, there may not exist a signed measure on ([0, 1]n, B ([0,1]n)) 
such that for any x ∈ [0, 1]n it holds that ν([0, x]) = Qn(x). A signed measure ν defined on the measurable space 
([0, 1]n, B ([0,1]n)) is called stochastic if for any k ∈ {0, 1, . . . , n − 1} and any A ∈B ([0,1]) it holds that
ν
(
[0,1]k ×A× [0,1]n−k−1
)
= λ1(A) ,
where λ1 denotes the Lebesgue measure on R.
It is well known that any n-copula induces a stochastic measure on B ([0,1]n) that can be extended to Rn. A 
natural question is whether a similar result holds for n-quasi-copulas, i.e., whether any n-quasi-copula induces a 
signed stochastic measure on B ([0,1]n). The answer is negative and it was proven in [42] for the bivariate case and 
in [78] for n ≥ 3 (another proof was presented in [44]). Interestingly, this result was first proven in the n-dimensional 
case (n ≥ 3), and only later in the bivariate case.
Proposition 1. There exists a proper n-quasi-copula Qn that does not induce a stochastic signed measure on 
([0, 1]n, B ([0,1]n)).
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states that the bivariate product copula can be approximated by 2-quasi-copulas with a given negative volume for a 
certain set S ⊂ [0, 1]2.
Theorem 23. For any  and M > 0, there exists a 2-quasi-copula Q2 and a set S ⊂ [0, 1]2 such that
(i) VQ2(S) < −M .
(ii) For any x, y ∈ [0, 1], it holds that |2(x, y) −Q2(x, y)| < .
5.3. Baire category results
Although the n-quasi-copulas that induce a stochastic measure on B ([0,1]n) have not been characterized yet, it 
was shown in [37] that they are ‘small’ from the Baire category point of view. Baire categories were first used in 
the framework of n-copulas and n-quasi-copulas in [35,36], in order to characterize how ‘large’ the set of absolutely 
continuous copulas and the set of exchangeable copulas are, respectively. First, we need to recall some notions.
Definition 11. Let (, d) be a metric space.
(i) A subset B of (, d) is called nowhere dense if it is not dense in any non-degenerate open ball B(x, r) of radius 
r > 0.
(ii) A subset B is called of first category in (, d) (also called meager) if there exists a countable family (Ui)∞i=1 of 
nowhere dense sets such that B ⊆⋃∞i=1 Ui .
(iii) A set is called of second category in (, d) if it is not of first category.
(iv) A set B is called a residual set (or co-meager) if Bc is of first category.
Informally speaking, given a complete metric space, the sets of first category are the ‘small ones’, sometimes 
called ‘atypical’ from a topological point of view. We recall the main results in [37], which were only proven in 
the 2-dimensional case, but they can be extended easily to higher dimensions. The first result shows that the set of 
n-copulas is ‘small’ with respect to the set of n-quasi-copulas when considering the supremum distance d∞ [37].
Theorem 24. The set of n-copulas Cn is nowhere dense in (Qn, d∞).
In the following, Qn,M denotes the set of n-quasi-copulas that induce a signed measure on B ([0,1]n). The follow-
ing result shows that an n-quasi-copula that induces a signed measure on B ([0,1]n) is atypical from a topological 
point of view [37].
Theorem 25. The set Qn,M is of first category in (Qn, d∞).
Even though the set Qn,M is ‘small’ in the set of n-quasi-copulas, it is dense as the following proposition 
shows [37].
Proposition 2. The set Qn,M is dense in (Qn, d∞).
The following definition was also introduced in [37].
Definition 12. An n-quasi-copula Q is called locally extendable if there exist x ∈ [0, 1]n and a positive constant r > 0
such that the volume induced by Q can be extended to a signed measure on B ([0,1]n)∩B(x, r).
In the following Qn,Loc denotes the class of all locally extendable n-quasi-copulas. We have the following negative 
result.
Theorem 26. The set Qn,Loc is of first category in (Qn, d∞).
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Even though an n-quasi-copula may not induce a stochastic signed measure, a natural question is ‘how negative 
can the Qn-volume of an n-box be?’. This question has been studied in the bivariate and trivariate case. We start by 
recalling the main results in the bivariate case, which can be found in [80].
Proposition 3. For any bivariate quasi-copula Q2 and any 2-box P = [x1, x2] × [y1, y2], it holds that
−1/3 ≤ VQ2(P) ≤ 1 .
Moreover, if VQ2(P) = −1/3, then P = [1/3, 2/3]2, Q2(1/3, 1/3) = 0 and Q2(1/3, 2/3) = Q2(2/3, 1/3) =
Q2(2/3, 2/3) = 1/3 and if VQ2(P) = 1, then P = [0, 1]2.
It is easily verified that the bivariate quasi-copula Q2,pr defined in Eq. (2) attains the minimal volume at the 2-box 
[1/3, 2/3]2. The generalization for n = 3 was studied in [23], where De Baets et al. proved the following result.
Proposition 4. For any 3-quasi-copula Q3 and any 3-box P = [x1, x2] × [y1, y2] × [z1, z2], it holds that
−4/5 ≤ VQ3(P) ≤ 1
Moreover, if VQ3(P) = −4/5, then P = [2/5, 4/5]3 and if VQ3(P) = 1, then there exists a ∈ [0, 1/2] such that P =
[a, 1]3.
De Baets et al. [23] gave the following example of a proper 3-quasi-copula such that the minimal volume −4/5
is attained: distribute uniformly a positive mass of 2/5 on each of the 3-boxes [2/5, 4/5]2 × [0, 2/5], [0, 2/5] ×
[2/5, 4/5]2 and [2/5, 4/5] × [0, 2/5] × [2/5, 4/5]; distribute uniformly a positive mass of 1/5 on each of the 3-boxes 
[2/5, 4/5] × [4/5, 1] × [2/5, 4/5],[4/5, 1] × [2/5, 4/5]2 and [2/5, 4/5]2 × [4/5, 1]; distribute uniformly a negative 
mass of 4/5 on the 3-box [2/5, 4/5]3; and 0 mass on the remaining 3-boxes.
Note that unlike in the bivariate case, in the trivariate case there exists a 3-quasi-copula Q3 such that there exists a 
3-box P = [0, 1]3 for which VQ3(P) = 1. One example of such a 3-quasi-copula where the maximal mass is attained 
is the following [23]: distribute uniformly a positive mass of 1 on the 3-box [1/2, 1]3; distribute uniformly a positive 
mass of 1/2 on each of the 3-boxes [0, 1/2]2 × [1/2, 1],[0, 1/2] × [1/2, 1] × [0, 1/2] and [1/2, 1] × [0, 1/2]2; 0 on 
the 3-box [0, 1/2]3; and a negative mass of 1/2 on each of the remaining 3-boxes. Clearly, for this example the value 
of a from Proposition 4 equals 1/2.
At the time when the negative mass distribution of n-quasi-copulas was studied, it was not known that n-quasi-
copulas do not induce signed measures in general. While further studies for higher dimensions still need to be done, 
such as the computation of the minimum value of VQn(P) for an n-box for any dimension, as well as the form of the 
n-boxes where the maximum and the minimum mass are attained, we believe that the solution of these problems is 
now rather a mathematical exercise and would not bring new insight into the properties of n-quasi-copulas.
6. Some subclasses of n-quasi-copulas
In this section we recall some specific classes of n-quasi-copulas.
6.1. Archimedean n-quasi-copulas
We start by briefly discussing a class of n-quasi-copulas that has been of great interest: Archimedean n-quasi-
copulas. Their interest comes mainly from the easiness with which they can be constructed and computed, as well as 
their close relationship with the class of Archimedean n-copulas and t-norms. First, we recall some basic notions [75].
Definition 13. [75] Let ϕ : [0, 1] → [0, ∞] be a continuous, strictly decreasing function such that ϕ(1) = 0. The 
pseudo-inverse of ϕ is the function ϕ[−1] : [0, ∞] → [0, 1] defined by
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ϕ−1(t) , if 0 ≤ t < ϕ(0) ,
0 , if ϕ(0) ≤ t ≤ ∞ , (5)
where ϕ−1 is the ‘traditional’ inverse function.
Proposition 5. [75] The function ϕ[−1] has the following properties:
(i) ϕ[−1] is a continuous, decreasing function.
(ii) For any t ∈ [0, 1], it holds that ϕ[−1](ϕ(t)) = t .
(iii) For any t ∈ [0, 1], it holds that ϕ(ϕ[−1](t)) = min(t, ϕ(0)).
(iv) If ϕ(0) = ∞, then ϕ[−1] = ϕ−1.
The following result can be found in [77] (see also [75]).
Lemma 1. Let ϕ and ϕ[−1] be defined as in Definition 13. Consider the function Qn,ϕ : [0, 1]n → [0, 1] defined by:
Qn,ϕ(x) = ϕ−1
⎛
⎝ n∑
j=1
ϕ(xj )
⎞
⎠ .
Then Qn,ϕ satisfies conditions(q1) and (q2) of an n-quasi-copula.
Qn,ϕ is the n-ary form of an Archimedean continuous t-norm (see [62] for more details). If Qn,ϕ is an 
n(-quasi)-copula, we say that Qn,ϕ is an Archimedean n(-quasi)-copula. In such case, ϕ is called a generator of 
Qn,ϕ , which is unique up to a strictly positive multiplicative constant. Note that Archimedean n(-quasi)-copulas are 
symmetric and associative, in the sense that, for any n ≥ 2 and any x ∈ [0, 1]n+1, it holds that
Qn+1,ϕ(x) = Q2,ϕ(x1,Qn,ϕ(x2, . . . , xn+1))
= Q2,ϕ(Qn,ϕ(x1, . . . , xn), xn+1) .
The generators of n-quasi-copulas and n-copulas were characterized in [77] and [71], respectively.
Theorem 27. Let ϕ and ϕ[−1] be defined as in Definition 13.
(i) Qn,ϕ defined as in Lemma 1 is an n-quasi-copula if and only if ϕ[−1] is convex.
(ii) Qn,ϕ defined as in Lemma 1 is an n-copula if and only if ϕ[−1] is n-monotone on [0, 1], i.e., if and only if ϕ[−1]
is differentiable up to the order n − 2 and its derivatives satisfy (−1)k(ϕ[−1])(k)(t) ≥ 0 for any t ∈]0, 1[ and 
k ∈ {0, 1, . . . , n − 2}, and (−1)n−2(ϕ[−1])(n−2) is decreasing and convex on [0, 1].
Note that there are no proper Archimedean 2-quasi-copulas, i.e., all Archimedean 2-quasi-copulas are 2-copulas. 
It is well known that an Archimedean 2-quasi-copula is also an Archimedean continuous t-norm, and the 1-Lipschitz 
continuity is equivalent to the convexity of the generator; for further details, we refer to [4,74].
6.2. Supermodularity and quasi-copulas
In this subsection, we recall several results about the class of supermodular n-quasi-copulas. We start by recalling 
the definition of a supermodular function.
Definition 14. [59] Let  be a lattice. A function f :  →R is called supermodular if for any x, y ∈  it holds that
f (x ∨ y)+ f (x ∧ y) ≥ f (x)+ f (y).
The following definition is useful to obtain a simpler characterization of supermodular functions.
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of an n-quasi-copula Qn with fixed values given by a in the positions determined by A is the function Qa,A : [0, 1]k →
[0, 1] given by Qa,A(x) = Qn(y), where yj = xj if j ∈ A and yj = aj if j /∈ A. In particular, if a = 1, then we obtain 
a k-marginal of the n-quasi-copula Qn, which itself is a k-quasi-copula.
Note that only the components of a whose indices are not in A are relevant in the definition of a section. The 
following is a useful characterization of supermodular n-ary functions (see [14,55]).
Proposition 6. A function f : [0, 1]n → [0, 1] is supermodular if and only if all of its two-dimensional sections are 
supermodular.
In the case of 2-copulas, property (c3) of a 2-copula is equivalent to supermodularity. However, this is no longer 
true for n ≥ 3 [8]. The following proposition shows that for n ≥ 3, the property of supermodularity is closer to the 
concept of n-quasi-copulas than to the concept of n-copulas.
Proposition 7. Let Sn : [0, 1]n → [0, 1] be a supermodular function that satisfies properties (q1) and (q2) of an 
n-quasi-copula. Then Sn is an n-quasi-copula.
The following result shows that the class of Archimedean n-quasi-copulas is a subset of the class of supermodular 
n-quasi-copulas.
Theorem 28. [8] Let Qn,ϕ be an Archimedean n-quasi-copula. Then Qn,ϕ is a supermodular function.
As a consequence of the above result, the lower Fréchet-Hoeffding bound is supermodular.
Corollary 3. For any n ≥ 2, the lower Fréchet-Hoeffding bound Wn is supermodular.
Recall that the smallest possible n-quasi-copula with given diagonal section d is the Bertino n-quasi-copula Bd,n, 
which, for n ≥ 3, is not necessarily an n-copula. Arias-García et al. [9] proved that the Bertino n-quasi-copula is 
supermodular.
Proposition 8. For any n ≥ 2 and any n-diagonal function d , the Bertino n-quasi-copula is supermodular.
The above results allow us to recall the relationship between supermodular n-quasi-copulas and n-copulas. In the 
following, SQn denotes the set of supermodular n-quasi-copulas.
Proposition 9. For any n ≥ 2, it holds that Cn ⊆ SQn ⊂Qn. If n ≥ 3, then Cn ⊂ SQn.
The following result, which concerns the transformation of n-quasi-copulas, was proven in the bivariate case 
in [39], but it can be easily extended to the higher-dimensional case using similar arguments.
Proposition 10. Let Qn be a supermodular n-quasi-copula Qn and let φ : [0, 1] → [0, 1] be a strictly increasing, 
concave function such that φ(1) = 1, then the function Qn,φ : [0, 1]n → [0, 1] defined by
Qn,φ(x) = φ−1(max(φ(0),Qn(φ(x1), . . . , φ(xn)))
is a supermodular n-quasi-copula.
We now highlight that the set of supermodular n-quasi-copulas is join-dense in the set of n-quasi-copulas. First, 
we need the following result [6].
Proposition 11. The n-quasi-copula Qn,l,z,a defined in Theorem 14 is a supermodular function.
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consider n = 3, the point z = ( 14 , 14 , 14 ) and let a = 0. Clearly a ∈ [W3(z), M3(z)]. If we consider the points x =
( 14 , 
3
4 , 
1
10 ) and y = ( 34 , 14 , 110 ), then
Q3,u,z,0(x ∧ y)+Q3,u,z,0(x ∨ y)−Q3,u,z,0(x)−Q3,u,z,0(y) = 110 + 0 −
1
10
− 1
10
= − 1
10
< 0 .
With Proposition 11, we can prove the following characterization of n-quasi-copulas [6].
Theorem 29. A function Qn : [0, 1]n → [0, 1] is an n-quasi-copula if and only if there exists AQn ⊆ SQn such that 
Qn =∨Qn AQn .
However, the set of n-quasi-copulas is not order-isomorphic to the Dedekind–MacNeille completion of SQn, as 
the following result expresses [6].
Proposition 12. For n ≥ 3, there exists an n-quasi-copula Qn,L such that for any A ⊆ SQn, it holds that Qn,L =∧
Qn A.
To prove the previous result, one can consider the n-quasi-copula Qn,L described after Corollary 2 and follow the 
same steps used in the proof of Corollary 2 (see [6] for more details).
Although many construction methods for 2-copulas cannot be generalized to higher dimensions, they often still 
work for supermodular n-quasi-copulas. One such example is a construction method for 2-copulas based on ultra-
modular functions. Ultramodularity is a stronger version of supermodularity, and it was studied in the framework of 
aggregation functions in [59] and in the framework of the construction of 2-copulas in [60,90]. We proceed to recall 
the definition of an ultramodular function on [0, 1]n.
Definition 16. A function f : [0, 1]n → [0, 1] is called ultramodular if for any x, y, z ∈  such that x +y + z ∈ [0, 1]n, 
it holds that
f (x + y + z)− f (x + y) ≥ f (x + z)− f (x) .
Finally, we present a generalization of the construction method for 2-copulas given by Theorem 3.4 of [90] using 
ultramodular functions to construct supermodular n-quasi-copulas in higher dimensions.
Proposition 13. Let Dn be an ultramodular n-quasi-copula and suppose that (Qki,1)ni=1 is a family of supermodular 
quasi-copulas with ki ≤ K for any i ∈ {1, . . . , n}. For any i ∈ {1, . . . , n}, let Ji = {ji,1, .., ji,ki } ⊂ {1, . . . , K} be a set 
of cardinality ki such that
n⋃
i=1
Ji = {1, . . . ,K} .
Then the function EK : [0, 1]K → [0, 1] defined by
EK(x) = Dn(Qk1,1(fj1,1(xj1,1), . . . , fj1,k1 (xj1,k1 )), . . . ,Qkn,n(fjn,1(xjn,1), . . . , fjn,kn (xjn,kn )))
is a supermodular K-quasi-copula, where the functions fji,l : [0, 1] → [0, 1] are increasing for any ji,l ∈ Ji and for 
any i ∈ {1 . . . , n} and for any x ∈ [0, 1] satisfy the functional equation
Dn(g1,i (x), . . . , gn,i(x)) = x ,
where gr,i = fjr,t if jr,t = i ∈ Jr , otherwise gr,i is the constant function equal to 1.
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In [8], the following definition was introduced, which is inspired by the characterization of supermodular functions 
given by Proposition 6.
Definition 17. A function F : [0, 1]n → [0, 1] is called k-dimensionally-increasing (k-dim-increasing, for short), with 
k ∈ {1, . . . , n}, if any of its k-dimensional sections is k-increasing.
If Qn is an n-quasi-copula that is k-dim-increasing, then:
(i) If k = 1, then Qn is simply an n-quasi-copula.
(ii) If k = 2, then Qn is a supermodular n-quasi-copula.
(iii) If k = n, then Qn is an n-copula.
Note that if an n-quasi-copula is k-dim-increasing, then all of its k-dimensional marginals are k-copulas. We have the 
following result.
Lemma 2. [8] Let Qn be a k-dim-increasing n-quasi-copula with k ∈ {2, . . . , n}. Then Qn is r-dim-increasing for 
any r ∈ {1, . . . k − 1}.
The following corollary follows from Lemma 2.
Corollary 4. [8] Let Qn : [0, 1]n → [0, 1] be a function that satisfies conditions (q1) and (q2) of an n-quasi-copula. 
If Qn is k-dim-increasing with k ∈ {2, . . . , n}, then Qn is an n-quasi-copula.
The following theorem is a generalization of Theorem 28.
Theorem 30. [8] Let Qn,ϕ be an Archimedean n-quasi-copula and k ∈ {2, . . . , n − 1}. Then Qn,ϕ is a k-dim-
increasing n-quasi-copula if and only if ϕ[−1] is a k-monotone function.
As a consequence of the previous results, we have the following relationship between the newly-introduced classes 
of n-quasi-copulas.
Corollary 5. Let DQn,k denote the class of all k-dim-increasing n-quasi-copulas. Then it holds that
Cn ⊂DQn,n−1 ⊂DQn,n−2 ⊂ · · · ⊂DQn,3 ⊂ SQn ⊂Qn .
Next, we will see that k-dim-increasing n-quasi-copulas play a role in the generalization of Theorem 7 to higher 
dimensions. To this end, it is necessary to recall the concept of a flipping [34].
Definition 18. Let Qn be an n-quasi-copula and i ∈ {1, . . . , n}. The function Qin : [0, 1]n → [0, 1] defined by
Qin(x) = Qn(x1, . . . , xi−1,1, xi+1, . . . , xn)−Q(x1, . . . , xi−1,1 − xi, xi+1, . . . , xn)
is called the flipping of Qn in the i-th argument.
The flippings of n-copulas have a nice and easy probabilistic interpretation: if (U1, U2, . . . , Un) has joint 
probability distribution function given by the n-copula Cn, then the n-copula associated to the random vector 
(U1, U2, . . . , Ui−1, 1 −Ui, Ui+1, . . . , Un) is the flipping of Cn in the i-th argument.
In the case of quasi-copulas, it was proven in [21,22] that applying any of the flipping transformations to a 2-quasi-
copula always yields a 2-quasi-copula, however, this is no longer true in higher dimensions, as was shown in [34]. 
The following proposition gives a sufficient condition for the flippings of an n-quasi-copula to be n-quasi-copulas.
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The following theorem generalizes Theorem 7 to higher dimensions [8].
Theorem 31. Let Qn : [0, 1]n → [0, 1] be a function that satisfies conditions (q1) and (q2) of Theorem 4. Then the 
following statements are equivalent:
(i) Qn is an (n − 1)-dim-increasing n-quasi-copula such that Qi is an (n − 1)-dim-increasing n-quasi-copula for 
any i ∈ {1, . . . n}.
(ii) For any n-box P such that at least one of its vertices is contained in the boundary [0, 1]n\ ]0, 1[n of the unit 
hypercube [0, 1]n, it holds that VQn(P) ≥ 0.
The class of n-quasi-copulas characterized in the previous theorem plays an important role in the extension of a 
fuzzy measure to an aggregation function as explained in [66]. We will discuss this in more detail in the following 
section.
7. Applications of quasi-copulas in other fields
In this section, we survey some of the applications of n-quasi-copulas, mainly in the bivariate case, in mathematical 
areas different from probability theory.
7.1. Quasi-copulas as conjunctors
Bivariate quasi-copulas were encountered in [51] during the search for conjunctors that satisfy some particular Bell 
inequalities appearing naturally in the study of the transitivity of fuzzy versions of well-known similarity measures. 
More specifically, the Bell-type inequalities regarding at most four random events (of which not more than two are 
intersected at the same time) were reformulated in the context of fuzzy probability calculus, where intersection is 
pointwisely modelled by means of a symmetric conjunctor, resulting in related inequalities on symmetric conjunctors. 
We now recall the definition of a conjunctor.
Definition 19. A function C : [0, 1]2 → [0, 1] is called a conjunctor if it satisfies the following conditions:
(i) C(x, 1) = C(1, x) = x for any x ∈ [0, 1].
(ii) C is increasing in each variable.
Clearly, 2-quasi-copulas are examples of conjunctors. It was shown in [51,52] that several of the Bell inequalities 
hold true for 2-quasi-copulas. However, it is important to highlight that the Bell inequalities do not characterize 
symmetric 2-quasi-copulas, in the sense that if a symmetric bivariate aggregation function A satisfies A(x, 1) =
A(1, x) = x for any x ∈ [0, 1] and the Bell-type inequality
x −A(x,y)−A(x, z)+A(y, z) ≥ 0 ,
for any x, y, z ∈ [0, 1], then A may not be 1-Lipschitz continuous. A counterexample can be found in [63].
The study in [51] marks one of the first applications where quasi-copulas play the role of conjunctors. These results 
were further complemented in [25,26].
Later on, in [38] the residual implicators of several classes of conjunctors were studied. The residual implicator 
RC of a given left-continuous conjunctor C is the function RC : [0, 1]2 → [0, 1] defined by
RC(x, y) = sup{z ∈ [0,1] | C(x, z) ≤ y} .
The following result was proven in [38].
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(r1) RQ2(x, y) ≤ 1 if and only if x ≤ y;
(r2) RQ2(1, y) = y for any y ∈ [0, 1];
(r3) RQ2 is decreasing in the first argument;
(r4) RQ2 is increasing in the second argument;
(r5) RQ2 is left-continuous in the first argument;
(r6) RQ2 is right-continuous in the second argument;
(r7) for any  > 0 and (x, y) ∈ [0, 1]2, it holds that RQ2(x + , y) ≥ RQ2(x, y − );
(r8) for any  > 0 and (x, y) ∈ [0, 1]2, it holds that RQ2(x, y) ≥ RQ2(x, y − ) + .
Conversely, if a function R : [0, 1]2 → [0, 1] satisfies (r1)–(r8), then there exists a 2-quasi-copula Q2 such that 
R = RQ2 . Moreover, Q2 is given by Q2(x, y) = inf{z ∈ [0, 1] | R(x, z) ≥ y}.
We note that conditions (r1)–(r6) characterize left-continuous conjunctors; as a consequence, 1-Lipschitz continuity 
is characterized by conditions (r7) and (r8). It is still an open problem to characterize 2-copulas in terms of residual 
implicators. For more details, we refer to [38]. The results were further complemented in [50], where an extension of 
Łukasiewicz logic based on an arbitrary 2-quasi-copula was studied.
7.2. Preference modelling
Another interesting field of application where 2-quasi-copulas play a major role is the field of preference modelling. 
We start by recalling the definition of a preference structure.
Definition 20. A preference structure on a set A is a triplet (P, I, J ) of binary relations on A that satisfy the following 
properties:
(i) P and J are irreflexive and I is reflexive.
(ii) P is asymmetric, and I and J are symmetric.
(iii) P, I, J are pairwise disjoint.
(iv) P ∪ P t ∪ I ∪ J = A2, where P t = {(b, a) | (a, b) ∈ P }.
P represents the strict preference relation, I represents the indifference relation and J the incomparability re-
lation. For any preference structure, the reflexive relation R = P ∪ I , called large preference relation, completely 
characterizes the given preference structure in terms of the following identities
(P, I, J ) = (R ∩Rd,R ∩Rt, (A2 \R)∩Rd) ,
where Rd = A2 \ Rt . While the definition of a fuzzy preference structure has been a debated topic [45], a possible 
definition is the so-called additive fuzzy preference structure [45], which consists of a triplet of binary fuzzy relations 
(P, I, J ) on A such that I is reflexive and symmetric and for any (a, b) ∈A2, it holds that
P(a, b)+ P t(a, b)+ I (a, b)+ J (a, b) = 1 .
A fuzzy preference structure can be generated from a binary fuzzy relation R through the use of a generator. A 
generator i : [0, 1]2 → [0, 1] is a symmetric function that is bounded by the 2-copulas W2 and M2. For any generator 
i, we have the following associated [0, 1]2 → [0, 1] functions:
(i) p(a, b) = a − i(a, b).
(ii) j (a, b) = i(a, b) − (a + b − 1).
The triplet (p, i, j) is called a generator triplet (see [46]). For any generator i and any reflexive fuzzy relation R, it is 
possible to construct an additive fuzzy preference structure as follows:
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I (a, b) = i(R(a, b),R(b, a)) ,
J (a, b) = j (R(a, b),R(b, a)) = i(R(a, b),R(b, a)) − (R(a, b)+R(b, a) − 1) .
A generator triplet is called monotone if p is increasing in the first argument and decreasing in the second argument, 
i is increasing in both arguments and j is decreasing in both arguments. Note that these monotonicity properties 
are inspired by the properties a crisp preference structure should have on the basis of its canonical representation in 
terms of the large preference relation. The following characterization stresses the importance of 2-quasi-copulas in 
this context.
Theorem 33. A generator triplet (p, i, j) is monotone if and only if i is a symmetric 2-quasi-copula.
For more in-depth results on the role of 2-quasi-copulas in the study of fuzzy preference structures, in particular 
the important property of transitivity, we refer to [29–32].
7.3. Extension of fuzzy measures
Kolesárová et al. [66] proposed a method to extend a fuzzy measure on N = {1, 2, . . . , n} to an n-ary aggregation 
function by means of the Möbius transform of the fuzzy measure and an auxiliary n-ary aggregation function. Such 
auxiliary aggregation functions were completely characterized in [66].
Definition 21. A fuzzy measure on the set N = {1, 2, . . . n} is a set function μ : 2N → [0, 1] that satisfies μ(∅) = 0
and μ(N) = 1, and that is increasing in the sense that if A ⊂B then μ(A) ≤ μ(B).
The Möbius transform of a fuzzy measure μ : 2N →R is the function Mμ : 2N →R defined by:
Mμ(G) =
∑
H⊆G
(−1)#G\Hμ(H) .
For any x ∈ [0, 1]n and any set G ⊆ N , define xG ∈ [0, 1]n as xG = (u1, . . . , un), where ui = xi if i ∈ G and ui = 1
otherwise. For an n-ary aggregation function A, the function Fμ,A : [0, 1]n →R defined by
Fμ,A(x) =
∑
G∈2N
Mμ(G)A(xG) . (6)
This construction leads to some interesting results. For example, when A is the greatest n-copula Mn, the function 
Fμ,Mn is the famous Choquet integral [16], also called the Lovász extension. However, the expression in Eq. (6) may 
not be an n-ary aggregation function, and it may not extend μ, in the sense that the equality Fμ,A(1G) = μ(G) may 
not hold, where 1G denotes the indicator function of G. For a given fuzzy measure μ, the following result in the 
bivariate case characterizes the auxiliary aggregation functions A such that Fμ,A is a bivariate aggregation function 
that extends μ.
Proposition 15. Let μ be a fuzzy measure on {1, 2} and A a bivariate aggregation function. Then Fμ,A as defined 
in Eq. (6) is a bivariate aggregation function that extends μ if and only if there exists a 2-quasi-copula Q2 and two 
increasing functions f1,1, f1,2 : [0, 1] → [0, 1] with f1,1(0) = f1,2(0) = 0 and f1,1(1) = f1,2(1) = 1, such that
A(x,y) = Q2(f1,1(x), f1,2(y)) .
In the higher-dimensional case, the situation is more complicated, since the auxiliary aggregation functions are 
characterized by the condition that for any n-box P of which at least one of the vertices is contained in the boundary 
[0, 1]n\ ]0, 1[n of the unit hypercube [0, 1]n, it holds that VA(P) ≥ 0. Using the results in [7], it is possible to extend 
Proposition 15 to higher dimensions.
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in Eq. (6) is an n-ary aggregation function that extends μ if and only if there exists an n-quasi-copula Qn that 
satisfies the conditions of Theorem 31 and n increasing functions f1,1, . . . , f1,n : [0, 1] → [0, 1] with f1,i (0) = 0 and 
f1,i (1) = 1 for any i ∈ {1, . . . , n}, such that
A(x1, . . . , xn) = Qn(f1,1(x1), . . . , f1,n(xn)) .
For more details, we refer to [65,66].
8. Concluding remarks
In this paper, we have recalled the definition of a quasi-copula as it was introduced, starting from the concept of 
a track. We have also analysed the various characterizations of quasi-copulas based on several properties they have, 
while highlighting the differences that occur between the bivariate case and the higher-dimensional case. A summary 
of the different characterizations of quasi-copulas with their differences between the case n = 2 and the case n ≥ 3
can be found in Table 1.
Additionally, we have studied how quasi-copulas have been used in the literature to develop bounds on sets of cop-
ulas, for example, on the set of copulas with given values on a specific compact set, once again paying special attention 
to how the results have been developed in the bivariate and in the multivariate case. Moreover, we recapitulated the 
results concerning the mass distribution induced by quasi-copulas, starting by recalling that there are quasi-copulas 
that do not induce signed measures, and how the quasi-copulas that induce signed measures are ‘small’ from a Baire 
category point of view.
Furthermore, we recalled several classes of quasi-copulas, such as Archimedean quasi-copulas and the recently-
introduced supermodular quasi-copulas, as well as the most important results related to them. Finally, we recalled 
several applications of quasi-copulas in other fields different from copulas, such as their role as conjunctors in fuzzy 
Table 1
Various characterizations of n-quasi-copulas.
n = 2 n ≥ 3
Analytical properties 2-quasi-copulas can be characterized in terms of the 
boundary conditions, increasingness and 1-Lipschitz 
continuity.
A characterization similar to the case n = 2 holds.
Aggregation functions 2-quasi-copulas are conjunctive 1-Lipschitz 
continuous bivariate aggregation functions.
A characterization similar to the case n = 2 holds.
Volumes of n-boxes A 2-quasi-copula is characterized by the boundary 
conditions and by the positive volume of 2-boxes with 
the property that at least one of this vertices is on the 
faces of the 2-box [0, 1]2.
While it is possible to characterize n-quasi-copulas by 
the boundary conditions and the positive volume of a 
certain type of n-boxes; such boxes are more 
restrictive than in the bivariate case. If one considers 
the boxes with at least one of the vertices on the faces 
of the n-box [0, 1], then a specific class of 
n-quasi-copulas is characterized instead.
Partial derivatives 2-quasi-copulas can be characterized in terms of the 
boundary conditions, the existence of the partial 
derivatives. The partial derivatives must be increasing 
and take values in the interval [0, 1].
A characterization similar to the case n = 2 holds.
Decreasing tracks It is possible to characterize 2-quasi-copulas in terms 
of a decreasing track, in a way similar to the original 
definition of a 2-quasi-copula.
It is not easy to define a decreasing track in higher 
dimensions, since the concept of a decreasing set is not 
clear in higher dimensions. Another difficulty comes 
from the fact that the set of n-quasi-copulas is not 
closed under flipping transformations.
Lattice characterization The set of 2-quasi-copulas is order-isomorphic to the 
Dedekind–MacNeille completion of the set of 
2-copulas
The set of n-quasi-copulas is not order-isomorphic to 
the Dedekind–MacNeille completion of the set of 
n-copulas. The set of supermodular n-quasi-copulas is 
join-dense in the set of n-quasi-copulas.
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including how they are used to extend fuzzy measures on specific subsets of the natural numbers.
We have also highlighted several differences between the class of n-copulas and the class of n-quasi-copulas. 
While there are some similarities, such as their behaviour from a metric space point of view (see [40,98] for some 
nice convergence results), there are noticeable differences, such as the behaviour of their lattice structure. Another 
important remark is that almost every construction method for n-copulas is valid for n-quasi-copulas. For example, 
the well-known ordinal sum of n-copulas (see [72]) can be generalized to construct n-quasi-copulas as illustrated 
in [41]: for J a finite or countable subset of the natural numbers, let ([aj , bj ])j∈J be a family of non-trivial closed 
intervals such that their pairwise intersection is at most one point. Let (Qn,j )j∈J be a family of n-quasi-copulas. For 
any x, denote by xj the point in [0, 1]n given by
xj =
(
((x1 ∧ bj )− aj )+
bj − aj , . . . ,
((xn ∧ bj )− aj )+
bj − aj
)
.
The ordinal sum Qn of (Qn,j )j∈J with respect to the family of intervals ([aj , bj ])j∈J is defined for all x ∈ [0, 1]n by
Qn(x) =
{
aj + (bj − aj )Qn,j (xj ) , if Mn(x) ∈]aj , bj [ for some j ∈ J ,
Mn(x) , otherwise .
(7)
Note that any n-quasi-copula can be represented as an ordinal sum, by taking J = 1 and [a1, b1] = [0, 1]. While the 
above construction is a well-known result, the results were further complemented in [72] by using the set of idempotent 
elements of an n-copula. We now briefly mention how to extend the results in [72] to n-quasi-copulas.
Recall that an idempotent element of an n-quasi-copula Qn is a point x ∈ [0, 1] such that Qn(x, x, . . . , x) = x. We 
now recall the main result of [72] in the framework of n-quasi-copulas.
Theorem 34. The set of idempotent elements IQn of any n-quasi-copula Qn is closed. Moreover, if Qn = Mn, then 
the following statements hold:
(i) There exists J ⊆N and points aj , bj , aj < bj for every j ∈ J with bi ≤ aj or bj ≤ ai if i = j and such that
[0,1] \ IQn =
⋃
j∈J
]aj , bj [ .
(ii) For every j ∈ J , the function Qn,j : [0, 1]n → [0, 1] defined by
Qn,j (x) = Qn(aj + (bj − aj )x)− aj
bj − aj
is an n-quasi-copula.
(iii) Qn is the ordinal sum of (Qn,j )j∈J with respect to the family of intervals (]aj , bj [)j∈J .
Convex combinations and various transforms of n-copulas [39] are other types of construction methods for 
n-copulas that can also be used to construct n-quasi-copulas.
Obviously, in general, the converse claim is not valid, i.e., construction methods for n-quasi-copulas cannot be 
extended to construct n-copulas. For example, in [63], it was proven that if (Qn,i)ki=1 is a family of n-quasi-copulas, 
then the function D : [0, 1]n → [0, 1] defined by
D(x) = A(Qn,1(x), . . . ,Qn,k(x))
is an n-quasi-copula, where A is a k-ary aggregation function with the kernel property, i.e., an aggregation function 
that is 1-Lipschitz continuous with respect to the L∞ norm on [0, 1]k . This result does not hold for n-copulas, even 
not for 2-copulas as shown in [63]. Other examples of interesting transformations of quasi-copulas can be found in [5,
28,27,61].
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As noticed in the text, there are several interesting open problems in the study of n-quasi-copulas.
Problem 1. Is it possible to generalize the definitions and results of Subsection 3.5 to higher dimensions?
Problem 2. Determine whether the bounds in Theorem 14 are the best possible for the set of n-copulas for n ≥ 3.
Problem 3. From the results of Subsection 4.3 we know that Qn is not order-isomorphic to the Dedekind–MacNeille 
completion of Cn (see also Theorem 21). The natural question that arises is which class of functions is order-
isomorphic to the Dedekind–MacNeille completion of Cn?
Problem 4. As mentioned in Subsection 5.2, not all n-quasi-copulas induce a stochastic signed measure. Is it possible 
to characterize all n-quasi-copulas that induce a signed stochastic measure on [0, 1]n? Does such class of n-quasi-
copulas have other relevant properties?
Problem 5. In Subsection 5.4 the maximal positive mass and maximal negative mass that a bivariate (resp. trivariate) 
quasi-copula can have are found, and the type of 2-boxes (resp. 3-boxes) are characterized. The next step would be 
to find the maximal negative and positive mass that an n-quasi-copula can have as well as to characterize the type of 
n-boxes that have the maximal mass for n ≥ 4.
Problem 6. This open problem was mentioned in [73]. For any set C of 2-copulas, the 2-quasi-copulas Q2,u(x, y) =
sup{C2(x, y) | C2 ∈ C } and Q2,l(x, y) = inf{C2(x, y) | C2 ∈ C } satisfy the following inequalities for any 2-box P =
[x1, x2] × [y1, y2] ⊆ [0, 1]2:
Q2,l(x2, y2)−Q2,l(x2, y1)−Q2,l(x1, y2)+Q2,u(x1, y1) ≥ 0 ,
Q2,u(x2, y2)−Q2,l(x2, y1)−Q2,l(x1, y2)+Q2,l(x1, y1) ≥ 0 ,
Q2,u(x2, y2)−Q2,u(x2, y1)−Q2,l(x1, y2)+Q2,u(x1, y1) ≥ 0 ,
and
Q2,u(x2, y2)−Q2,l(x2, y1)−Q2,u(x1, y2)+Q2,u(x1, y1) ≥ 0 .
Note that not all pairs of 2-quasi-copulas satisfy the latter inequalities. This can be easily verified by considering 
Q2,u = Q2,l as a proper 2-quasi-copula. A pair of functions Q2,u, Q2,l : [0, 1]2 → [0, 1] is called an imprecise 
2-copula if it satisfies conditions (q1) and (q2) of Theorem 4 and the above four inequalities. The natural question 
that arises is whether for any imprecise 2-copula, there exists a set C of 2-copulas such that Q2,u and Q2,l are the 
supremum and infimum of C , respectively. Another interesting question is how to extend the concept of an imprecise 
2-copulas to higher dimensions. For more details, see [73].
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